Generalising arXiv:1511.08496, we construct further families of compact Einstein-Maxwell instantons associated with the Kerr-Newman metrics with a positive cosmological constant.
I. INTRODUCTION
One of the key questions in physics is how to reconcile general relativity with quantum mechanics. After years of intense work by many researchers this problem remains as elusive as ever.
One of the proposals, how to marry gravitation with the quantum, involves path integrals over Riemannian metrics [1, 2] . In this approach one changes the signature of the metric from a Lorentzian to a Riemannian one. This is associated with a replacement of oscillating integrands by ones which, in the best of the worlds, would be exponentially decaying. One thus hopes to obtain a framework where potentially misleading mathematical manipulations would be avoided.
Once this prescription has been adopted, one can study model problems where the path integral can be approximated by stationary phase methods. Since stationary points of the action are precisely the solutions of the field equations, this leads one to consider Riemannian solutions of the otherwise Lorentzian field equations. As a result, Riemannian counterparts of Lorentzian solutions become basic objects in Euclidean Quantum Gravity. Solutions with Riemannian signature determine transition probabilities between states [3] . They can be used to calculate probabilities of universe creations [4] . Riemannian solutions with negative eigenvalues indicate quantum instabilities of semi-classical solutions [5] . From this perspective, an exhaustive knowledge of solutions of the field equations with a Riemannian signature and interesting properties becomes one of the priorities.
The above sets the general background for our study. The specific interest in the solutions presented below can be spelled-out as follows.
First, solutions with symmetries usually play a preferred role in any theory. Indeed, explicit such solutions are easier to find than solutions without symmetries. Furthermore, their properties are easier to analyse. Finally, some of their properties often turn out to be shared by many solutions. Hence the interest of the quest for solutions with symmetries.
The solutions we present are invariant under a U (1) × U (1) action. This is the simplest isometry group which does not enforce space-homogeneity, and for which there is hope to be able to obtain all solutions. In fact, black-hole uniqueness theory suggests that our solutions below exhaust the space of U (1) × U (1) symmetric compact Riemannian solutions, and we note that this question goes well beyond the intended scope of this work.
Next, recall that the Kerr-Newman solutions are of key interest in view, again, of their uniqueness properties. The corresponding solutions with positive cosmological constant, discovered by Demiański and Plebański [6] and, independently, by Carter [7] , are similarly expected to be unique under natural conditions. Properties of Riemannian counterparts of these solutions are expected to shed light on the quantum properties of the Lorentzian solutions within the Euclidean quantisation program.
In recent work [8] we constructed a family of compact Riemannian four-dimensional manifolds, parameterised by four integers and the value of the cosmological constant Λ, obtained by complex substitutions in the Kerr-Newman de Sitter metric. The requirement of 1) smoothness and compactness of the underlying manifold, together with the condition that 2) the original coordinates form a smooth coordinate system away from the axes of rotation, enforced a quantisation condition on the mass, effective charge and angular momentum parameters of the associated Lorentzian manifold. The further requirement of well-defined charged spinor fields on the Riemannian manifolds led to a quantisation condition on the electric and magnetic charge of the instanton, as well as quantisation of the charge of the spinor fields.
It came as a surprise to us that one can construct a more general class of such compact instantons, which arise if one drops the requirement 2) above. In this way one obtains a larger class of such instantons, parameterised instead by three integers and a continuous parameter. This is reported on in this paper.
Indeed, in this work we follow [8] to reduce the problem to solving a set of polynomial equations for a set of free parameters arising in the solutions. We show how the requirements just described lead, after a scaling, to a problem where all free parameters but one need to take integer values. One can now use numerics to find solutions of the problem at hand.
Assuming that the possibly-continuous parameter was rational, we find a unique explicit solution for all sets of integer and rational numbers considered.
We show that all quantities of interest have finite limits as one of the integers parameterising the solutions tends to infinity. One is tempted to think of such limits as classical limits. We derive the linear relations that are satisfied by the parameters characterising the solutions in the limit. We show that the contribution to the path integrals of solutions with large "quantum numbers" are exponentially suppressed in the limit.
Since our solutions provide four-dimensional compact Riemannian manifolds with con-stant scalar curvature, in addition to their quantum relevance they can serve as initial data for classical (4+1)-dimensional vacuum general relativity with positive cosmological constant.
II. THE SOLUTIONS
The Kerr-Newman-de Sitter (KNdS) metric is a solution of the Einstein-Maxwell equations,
, where Λ > 0 is the cosmological constant. In Boyer-Lindquist coordinates, after the replacements a → ia, t → it and e → ie the metric takes the form
where, after setting λ = Λ/3, we have Σ = r 2 − a 2 cos 2 (θ),
where the one-forms σ i , i = 1, 2, are defined as
When studying the metric, the magnetic charge parameter p and the electric charge parameter e will only appear in the combination
The notation p 2 eff is appropriate, in that we have not found any solutions with p 2 ≤ e 2 in the family considered below.
We wish to find sets of parameters, with a = 0, so that (II.1) is a Riemannian metric on a closed manifold. This requires a range of the variable r, bounded by two first-order zeros r 1 < r 2 of ∆ r , so that (II.1) is Riemannian for ∀r ∈ (r 1 , r 2 ), θ ∈ (0, π). Changing r to its negative if necessary, one is led to the following conditions on the parameters (see [8] for
Smoothness at r = r i , i = 1, 2 requires that near those points t defines a 2πω-periodic coordinate, with
(note that ∆ r (r 2 ) must be negative). Smoothness at sin θ = 0 is guaranteed by introducing near r = r i new 2π-periodic angular coordinates φ i defined as
From now on we forget the coordinate ϕ (which will turn out not be to globally defined in general), but retain the assumption that t is a smooth global periodic coordinate away from the rotation axes. The 2π-periodicity of t, φ 1 and φ 2 imposes the condition
The further condition, imposed in [8] , that ϕ is also a globally defined coordinate, requires that x 1 and x 2 are positive integers. However, this is not necessary, and (II.7) suffices to obtain a smooth compact manifold.
We thus need to find five real parameters r 1 , r 2 , a, M, p hold. This can be rewritten as a system of four polynomial equations for five variables, with an integer parameter n. One thus expects a one-parameter family of solutions for each value of n.
We have not been able to establish directly existence of the desired solutions. Instead, the following strategy, mimicking that of [8] , turned out to be successful for all rational pairs (x 1 , x 2 ) which we implemented numerically. We believe that there exists a unique solution of the problem at hand for all pairs (x 1 , x 2 ) ∈ (R + ) 2 satisfying (II.7), so that our condition of rationality of x 1 and x 2 is not a real feature of the set of solutions. Rather it is an ansatz that allowed us to establish, using exact computer algebra, existence of solutions of the problem at hand for all rational values of parameters that we have considered.
Thus, we proceed as follows: given (x 1 , x 2 ) ∈ (Q + ) 2 satisfying (II.7), the above reduces to a system of five polynomial equations consisting of (II.8) together with
for the five real parameters r 1 , r 2 , a, M, p 2 eff which should satisfy the constraints (II.4). Note that (II.10) implies
For each pair (x 1 , x 2 ) of explicit rational numbers, one can use Mathematica to obtain an equivalent hierarchic system of polynomial equations, the first one depending only on e and p. Similarly to [9] , the existence of charged Dirac fields on the Riemannian manifold leads to further constraints on these parameters. We summarise the argument of [8] , which applies to the current setting with simple modifications: We start by noting that while the Maxwell field F is smooth everywhere, the Maxwell potential (II.2) is not. Indeed, a smooth Maxwell potential A is obtained near cos θ = 1 and r = r i when A is gauge-transformed to
A smooth field A is obtained near cos θ = −1 and r = r i when A is gauge-transformed to
If a Dirac field ψ carries a charge q 0 = 0, the gauge transformation which transforms A − to A + induces a transformation of the Dirac field
Keeping in mind that φ i is 2π-periodic, the requirement of single-valuedness of ψ results in the condition
Note that (II.11) differs from the usual Dirac quantisation formula by a factor Ξ.
Next, the transition from a gauge potential which is regular near r = r 1 to a gauge potential which is regular near r = r 2 requires a gauge transformation
The associated transformation of the spinor field ψ leads to the further conditions:
(II.13)
Eliminating q 0 between (II.11) and (II.13) imposes a quantised relation between p and e:
(II.14)
There exist various correlations between the parameters describing the solutions. In order to study those we will use parameters which carry some physical information. For this, given a set (M, a, p 2 eff ), parameterised by a pair (x 1 , x 2 ) with x 2 − x 1 ∈ N * and arising from a smooth compact Riemannian solution, we will associate to it a Lorentzian partner solution with the same values of M and a and with e and p chosen so that (II.14) holds. 
In this way we are led to a family of Lorentzian solutions parameterised by one real number and three integers (x 1 , n, m 1 , m 2 ) subject to the constraint (II.15). It holds that p There is an ambiguity in the definition of total mass of the associated Lorentzian spacetime. In a Hamiltonian approach this ambiguity is related to the choice of the Killing vector field for which we calculate the Hamiltonian [10] . We will use the formulae
Here the mass of the Lorentzian solution has been defined to be the value of the Hamiltonian associated with the Killing vector field Ξ Lor ∂ t + 3 −1 Λa∂ ϕ , while the total angular momentum is defined with the Hamiltonian associated with ∂ ϕ .
Two plots displaying correlations between the physical parameters are shown in Figure 1 .
One observes that all resulting parameters (a, M, |q phys |) are bounded, and that the values of the parameters approach linear correlations as both x 1 and x 2 tend to infinity. The exact affine relations between the quantities of interest when 1
to hold in the current setting. For example, we have The physical parameters of the Lorentzian partner solutions are all bounded from above, cf. Table I . One can further check that |q phys |, M phys , and |J phys | tend to 0 and S G tends to −π when x 2 tends to zero and x 1 tends to infinity.
In particular the physical mass of the Lorentzian partners is strictly positive, bounded away from zero, and bounded from above.
Solutions with very large values of x 1 are strongly suppressed when path-integral argu- 
